
VOL. 8, NO. 12, DECEMBER 1970 AIAA JOURNAL 2215

Collisionless Electrostatic Single-Probe and
Double-Probe Measurements

E. W. PETERSON*
University of Minnesota, Minneapolis, Minn.

AND

L. TALBOTf
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An algebraic fit is made to the results of a numerical analysis describing the collisionless
current attracted to cylindrical Langmuir probes whose ratios of probe radius to Debye length
are of moderate value. The probe currents indicated by these expressions are compared to
some numerically computed values and to values obtained using an approximate analytical
solution. This algebraic description of the single-probe response is then used to derive the
double-probe characteristics in the region where the current attracted to the probe is potential-
dependent. Equations are derived and methods are discussed for accurately determining
both electron temperature and number density from these double-probe characteristics.
The analogous results for double-probe operation in the region of orbital-motion-limited
current collection are also included.

Nomenclature
A = probe area
H = double-probe current
7 = probe current (repelled species)
J = probe current (attracted species)
j = normalized current (attracted species)
Jo = Eq. (2)
Jc = Boltzmann's constant
L = probe length
M = mass
N = density
q = one electronic charge
r = probe radius
T = temperature
V = applied probe-to-probe or probe-to-reference potential
Z = number of electron charges on particle
a = Eq. (5)
ft = Eq. (6)
e = Eq. (21)
6 = kT/Zq effective temperature (eV)
X = (kT/4:TrNZ2q2)112 Debye length
T = -|ln(M+/M_)
<S> = potential measured with respect to the plasma potential
X = <|>/0_ nondimensional potential
^ = V/0- nondimensional applied potential

Subscripts
a,r = attracted, repelled
e,i = electron, ion
+,— = colder, hotter
1,2 = numerical designation for double-probes
/ = open circuit (floating) potential

1. Introduction

THE free-molecule cylindrical Langmuir probe is one of the
most common diagnostic tools used for measuring the

properties of plasmas and several1"3 reviews of probe theory
and application are available in the literature. As is well
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known, the slope of the logarithm of the electron current in
the electron-retarding region is a measure of the electron tem-
perature, whereas the electron density may be determined from
a measure of the attractive-field probe current in a region
where this current is theoretically well defined. Laframboise,4

in numerically solving the theoretical analysis previously
formulated by Bernstein and Rabinowitz,5 has provided the
required theoretical values for the current (ion or electron) at-
tracted to a probe. His results are valid for a wide range of
ratios of probe radius to Debye length (r/X), a complete range
of ion to electron temperature ratios (0»/0e), and have been
experimentally verified in a variety of gases.6 ~9 The numeri-
cal results obtained by Laframboise are presented in a manner
suitable for use by the experimentalist, and the reduction of
probe current data to plasma electron (or ion) density proceeds
quite simple by following the method given by Sonin.6

However, various applications exist where an analytical
description of the probe characteristics is required. For ex-
ample, the floating double-probe may be used to determine
electron temperature and density if its current voltage charac-
teristic is given in analytical form. However, the derivation
of the double-probe characteristic proceeds from an analytical
description of the single-probe response. Consequently, the
double-probe theory previously presented by Johnson and
Malter10 was necessarily limited by the restrictive assumption
that ion current collection was independent of the probe po-
tential. In addition, recall that the probe response to low-fre-
quency fluctuations in the plasma properties is determined by
perturbing the probe steady-state equations about the mean
plasma properties; a procedure which obviously requires an
accurate analytical description of the probe steady-state char-
acteristics. In fact, the algebraic formulas presented herein
were used in Ref. 11 to determine both the single-probe and
double-probe transient responses.

Therefore the purpose of the present paper is to provide an
algebraic description for the single-probe characteristics in the
region where the Debye length is smaller than the probe
radius, yet large enough so that the current attracted to the
probe is potential-dependent. The values of probe current
indicated by these expressions are compared to values calcu-
lated by Laframboise4 and to values obtained using the ap-
proximate analytical expressions given by Kiel.12 The float-
ing double-probe characteristics are then derived using the
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Table 1 Numerical values of the constants appearing in Eqs. (5) and (6)

Constant d f
(0a/0r) < 1

(0a/0r) > 1

2.900
2.900

2.300
2.300

0.070
0.110

-0.340
-0.380

1.500
-2.800

0.850
5.100

0.135
0.135

0.000
2.800

0.750
0.650

algebraic expressions for the single-probe characteristics and
the well-known expression for the electron current in the elec-
tron-retarding field region. Equations are derived and meth-
ods are discussed for determining the electron temperature
and number density from the double-probe characteristics.
The analogous results for double-probe operation in the region
of orbital motion limited-current collection are also presented.

2. Single-Probe Analysis

The nondimensional current attracted to a probe may be ex-
pressed by

(1)
where

j =

Jo = irrLZqN(2kT-/irM)V* (2)
is the random thermal current which would be collected by the
probe when the probe is at the plasma potential, if the effec-
tive temperature of the collected species were assumed to be
that of the hotter species. Now the nondimensional ion cur-
rent collected by an ion-attracting probe operating in the Vla-
sov limit with specified ratios of ion to electron temperature,
probe potential to electron energy, and probe radius to elec-
tron Debye length is equal to the nondimensional electron cur-
rent collected by an electron attracting probe having the same
ratios of electron to ion temperature, probe potential to ion
energy, and probe radius to ion Debye length. Therefore,
the current attracted to the probe

j = j{(0»/0r), (*/0,), (r/Xr)} =
j{(0+/OJ, WBJ), (r/X_)} (3)

may be written in terms of the "attracted" (a) or "repelled"
(r) species or the "hotter" ( — ) and "colder" (+) species with-
out further identifying them. A set of these nondimensional
probe characteristics (j vs %) has been computed by Lafram-
boise4 for a wide range of ratios of (0«/0r), and (r/Xr).

It was found that this two-parameter family of character-
istic curves could be closely reproduced by the algebraic rela-
tion

where
a = a/[ln(r/X_) + 6] + c(0+/0-)w + d (5)

P/ln(rA-)l (6)

X = $/0_ (7)

and where [a-w] are numerical constants whose magnitudes
are shown in Table I. Values of a and ft are given in Fig. 1 as
a function of r/X_ for 6a/6T = 0, 1, and °o. Equation (4) is
applicable for ratios of probe radius to Debye length (r/X_)
between 5 and 100, and absolute values of the nondimension-
alized potential x > 3 (>10) if da/6T < 1 (>1), provided the
assumptions underlying Laframboise's numerical analysis are
also satisfied. Table II compares some typical values of probe
current indicated by Eq. (4) with the numerically computed
values given by Laframboise4 and the values of probe current
computed from the approximate analytical expressions (also
valid for Debye lengths smaller than the probe radius) derived
by Kiel.12 As shown, both analytical expressions indicate val-
ues of probe current which differ from the numerically com-
puted values by <3%.

It follows from Eqs. (1, 2, and 4) that once the electron
temperature is known the density may be formally computed
according to

= J(x)/[AZqQ3 (8)
Since a and ft depend slightly on density some iteration may
be required to evaluate this relation. Recall, however, that
Son in6 has demonstrated that the results given by Lafram-
boise4 may be used to construct universal graphs for a specified
value of potential (e.g., %/ — 10). If the single-probe current
J(x/ — 10) is then measured, the number density and ratio of
probe radius to Debye length may be obtained directly from
such graphs.

3. Double-Probe Analysis

The double-probe characteristic such as the one shown in
Fig. 2 may be theoretically derived using Eqs. (1, 2, and 4),
and the well-known expression

I = ZrNTqA(kTr/2irMr)li*exp(3>/dr) (9)
for the repelled species current by following a procedure similar
to that used by Johnson and Malter.10 To allow direct
experimental interpretation of the results the dimensional
probe current is considered for the common situation where
Bi/Be < 1.0.

Assume probes 1) and 2) having equal radii but with areas
Ai and A2, respectively, are located in a plasma having con-

Fig. 1 Curve parameters. Fig. 2 Double-probe characteristic.
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Table 2 Comparison of analytical and numerical calculations of probe current

X

25
25
25
25
25
25
25
25
25
25
20
15
10
5
3

9+/0-
1.00
0.75
0.50
0.25
0.10
0.00
0.50
0.50
0.50
0.50
0.10
0.10
0.10
0.10
0.10

r/\_

10
10
10
10
10
10
5
20
50
100
10
10
10
10
10

/+[Eq.(4)]/- /+(Ref.4)/_ /+(Ref.12)/_

3.36
3.19
3.02
2.83
2.70
2.59
4.33
2.31
1.78
1.53
2.54
2.35
2.11
1.78
1.60

3.36
3.10
2.85
2.58
2.39
2.20
4.08
2.19
1.70
1.46
2.24
2.06
1.83

3.38
3.24
3.07
2.89
2.77
2.68
4.32
2.31
1.76
1.54
2.59
2.38
2.14
1.81
1.59

3.38
3.17
2.92
2.63
2.42
2.25
4.01
2.20
1.69
1.49
2.26
2.08
1.87
1.61
1.47

3.42
3.30
3.09
2.90
2.77
2.76
4.37
2.33
1.78
1.55
2.58
2.37
2.12
1.79
1.62

3.42
3.18
2.91
2.64
2.44
2.26
4.06
2.23
1.73
1.53
2.29
2.12
1.93
1.67
1.54

stant properties within the probe spacing. Then the current
flowing in the double-probe circuit must be

to satisfy the continuity requirement. Define the normalized
value of the potential (F) applied between the two probes by

= V/0- = %2 - xi (11)
Now x = Xf when V = 0, and therefore the normalized indi-
vidual probe potentials may be written as

Xi = Xf ~ fa, X2 = Xf + fa (12a)
where

t = fa + & (12b)
As illustrated in Fig. 3, fa and fa are the normalized values of
the probe potentials measured with respect to the V = 0
(i.e., x = Xf) ordinate shown in Fig. 2. It follows from Eqs.
(9, 10, and 11) that the double-probe characteristic is given by

H = [JiCAa/AO
where the ion currents
12) to be

expiA - /2]/[l + (A,/ A,) exp^] (13)
(JiyJ*) are found from Eqs. (1, 2, 4, and

- Xf

- Xf - fa)a
(14)

Recall that current continuity must be maintained. Thus the
relative values of fa and fa are implied by Eq. (10). It fol-
lows, by using Eqs. (2, 9, 10, 12, and 14) as shown in Ref. 13,
that fa is given implicitly by

fa = - ln{[l + fa/ (ft - Xf)f +
Xf) -

+ fa/ (ft -
(15)

where Xf is the potential at which J + 1 = 0 and is found from
Eqs. (1, 2, 4, and 9) to be given by

Xf = r + a In (/3 - Xf) (16)

while fa may now be found from Eqs. (12) and (15). Equa-
tions (13) and (14) represent the general form of the double-
probe characteristic, and the analytical expressions given by

Negat ive
Voltages

Plasma potential = 0

Potential of probe (2),X2

Floating potential, Xf

Kiel12 could equally well have been used for evaluation of
Ji(—Xf + ^i) and Jz(— Xf ~~ fa) m the region where r/X_ > 5.

The double-probe characteristic valid in the orbital motion
limited regime, when the ion current collection is defined by
Langmuir and Mott-Smith,14 may be obtained from Eqs. (12,
13, 14, and 15) by putting a = ^, ft = 1.0, whereas the thin
sheath limit results of Johnson and Malter10 may be recovered
by putting a = 0.

When the ion current collection is independent of potential
(thin sheath limit) the electron temperature was shown10 to be
proportional to the slope of the double probe characteristic and
the magnitudes of the ion currents all evaluated at V = 0.
Similarly it can be shown,13 using Eqs. (1, 4, 11, and 13), that
the electron temperature measurement is

6L(1
where

6 = a/(ft + Xf|)

™ (17)

(18)
and where %f is given by Eq. (16). Now the product 0_
(1 + e)"1 may be computed, according to Eq. (17), from the
slope of the double-probe characteristic and the magnitudes of
the ion currents (Ji and /2) all evaluated at V = 0. However,
even though e and Xf are functions of r/X_, 6+/6- and M+/M-,
the value of e as shown in Fig. 4 depends only slightly on elec-
tron temperature. Therefore the exact value of 6- may be de-
termined with little or no iteration once the product 0_
(1 + e) ~1 is known. Equation (17) and expressions analogous
to Eqs. (16) and (18) were also derived using the analytical
relations for probe current (/) given by Kiel12 and for r/X_ > 5
the corresponding values of e were found to compare favorably
with those shown in Fig. 4. Values of e valid for ion current
collection in the orbital motion limit (oml) are also included
in Fig. 4 while e = 0 in the thin sheath limit (tsl). The dot-
ted portions of the curves shown in the figures are arbitrary

0.12

0.10

0.08

0.06

0.04

0.02

0

_Ar_

~Xe~

• Potential of probe (I ), X}
I 40 60 80IQO

Fig. 3 Probe potential. Fig. 4 Adjustment to electron temperature measurement.
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X !.«• —

40 60 80 100

Fig. 5 Ratio of double-probe current to ion current.

extensions of the theoretical curves since the latter are valid
only for 5 < r/X_ < 100 or in the oml or tsl.

Once the electron temperature is known the charged particle
density may be computed from the magnitude of the double-
probe current (H) measured at some large normalized poten-
tial \f/. In the limit of large if/ Eq. (13) reduces to the form

= /O.G3 + |x*|)« = /*(%*) (19)
where the asterisk signifies probe 1) or probe 2), whichever is
appropriate. The number density is calculated from the ex-
pression

|xf| + \t*\)~A*(\Z*q*\/torM+y»} (20)
where a, /3, \f/*, and Xf are given by Eqs. (5, 6, 15, and 16), re-
spectively. Because the measurement of H(\f/) essentially
yields the product N(fi + |xf| + \t*\)a and because a, e, Xf
and \f/* are weak functions of N, the solution of Eq. (20) re-
quires some iteration. However for large negative potentials
I «: / and in this limit H(\f/) must be a measure of the single-
probe ion current [see Eq. (19)]. If for example J(x* =
%f — 10) could be determined from the double-probe charac-
teristic then the number density computation could proceed as
described in Sec. 2. Examination of Eq. (15) reveals that
for large values of potential if/, \l/* is a very weak function of
the plasma properties. For example, it can be demonstrated
that when |̂ | = 10 then 10.65 < \\f/\ < 10.95 for all values of
0+/6- < 1.0, r/X_, and M+/M- provided 0.95 < Az/Ai <
1.05. Since the variation of H within this small range of the
normalized potential \\f/\ is always negligible compared to the
experimental accuracy Eq. (19) may be written as

= ±10.8)| = J(xf - 10) (21)

Thus the absolute magnitude of the current in the double-
probe circuit measured at | \f/\ = 10.8 is equivalent to the ion
current collected by a single-probe (whose area and radius are
equal to that of the most negatively biased probe common to
the double-probe) at a potential Xf — 10. As a result, the
single-probe method illustrated by Sonin6 and discussed in
Sec. 2 may be applied directly for computations of N and r/X_
from double-probe characteristics.

4. Interpretation of Double-probe
Measurements

Some comment concerning the evaluation of the plasma
properties from a typical double-probe characteristic such as
that shown in Fig. 2 is in order.

Recall that Eq. (17) requires the evaluation of J(V = 0).
However, when / = J(\{/) the ion current characteristic is ob-
viously curved and straight line extrapolation of the double-
probe characteristic (line S on Fig. 2) may introduce a signifi-
cant error in the evaluation of J(V = 0). Thus the initial
computation of 0_(1 + e)"1 will be incorrect. Fortunately,
it turns out that a very accurate and rapid approximation
for J(V = 0) may be obtained by carefully fitting the entire

characteristic between 10 < \\l/\ < \\f/max\ where \\f/max\ > 35
with a French curve and extrapolating along this curve to find
the ion current at if/ = 0 (line F on Fig. 2). Because the true
value of J(\l/ = 0) must be determined analytically after the
ratio of probe radius to Debye length has been computed,
theoretical values of \H(\I/ = ±10.8)|/J(^ = 0) were deter-
mined from Eqs. (13) and (14) and are shown on Fig. 5 in or-
der to provide a convenient subsequent check on the original
estimate of J(\f/ = 0). The dependence of \H($ = ±10.8)|/
J(\f/ = 0) on the relative energies 0+/#- was found to be small
and was therefore not included on Fig. 5. Again the dotted
portions of the curves are arbitrary extrapolations.

Care should also be taken to evaluate the slope (d#/d7)y=(r
at the origin since the slope of H(V) determined by the finite
difference relation [H(V) - #(-7)]/A7 centered about the
V = 0 point on the characteristic, with A 7 = 2V, is always
< (bH/dV)v=o, and hence the corresponding value of 0_
(1 + e) -1 thus obtained will be too large. Since in practice it
is usually not possible to accurately interpret the slope of the
characteristic within a region smaller than A7/0_ = A\f/
< 2.0, this possible error in measurement must be considered.
If (dH/dV)v=o cannot be measured, but instead, the slope of
the characteristic is determined according to the finite differ-
ence relationship

(dtf/d^o measured = [H(VJ - H("7_)]/A7 (22)

then it follows13 from Eqs. (13, 14, and 17) that the resulting
error in the electron temperature measurement is

+ e) -(l +

Xf + - (ft - Xf - (23)

provided AZ = A i. In the region of small \f/ this expression is
quite insensitive to changes in r/X_, 0+/0-, and7kf+/Af_, thus d
is given in Fig. 6 as a function of A\f/ only. Therefore the er-
ror introduced by measuring the slope of the characteristic
over some finite interval (around the point 7 = 0) as defined
by Eq. (22) may easily be accounted for by reducing the mea-
sured value of 0_(1 + e)"1 by appropriate factor of d given in
Fig. 6.

Using the proper values of Ji(\f/ = 0) and J%(\l/ = 0) (which
will be equal if Ai = Az) and the value of (dH/bV)v=o, the
computation of 0_, r/X_, and A^ may proceed as follows.
Compute 0_(1 + e)"1 from Eq. (17). Use the equivalent of

0.4 0.8 I.e 1.6 2.0 2.4 2.8 3.2
1.00

Fig. 6 Ratio of the actual slope of the double-probe char-
acteristic to its measured value.
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Sonin's6 graphs [or Eq. (20) and the definition of Debye
length] to compute N and r/X_ based on the measured value
of |ff| at a potential of |^| = |7|/[0_(1 + e)"1] = 10.8.
Then evaluate e from Fig. 4 and compute 6-. Repeat the
preceding computations of AT, r/X_, e, and 0_, each time using
the latest value of 0_, and the value of |ff | now measured at
1^1 = |TY0_| = 10.8, until self-consistent values for these
quantities are obtained. Use this value of r/X_ to compare
the measured ratio of \H($ = ±10.8)|/J(^ = 0) with the
theoretical value given in Fig. 5. If the measured and theo-
retical values agree the problem is solved since 0_, r/ X_, and N
have been determined. If the values are inconsistent the
theoretical value should be used to provide a new estimate of
Ji(\l/ = 0) and Jz(^ = 0) and the iteration procedure pre-
viously described must be repeated. Because e is always
small and because the French curve interpolation of ff pro-
vides quite accurate values for J\(\j/ = 0) and Jz(\l/ = 0), the
iteration procedure is always short; with some practice the
plasma properties may be determined directly from the
double-probe characteristic. For example consider the mea-
surement of the plasma properties from the characteristic
shown in Fig. 2. The procedure described previously im-
mediately yields the correct values of 6- = 0.20, r/X_ = 5.0
and [J(\l/ = 0) Estimated/[J(iA = 0)]theoreticai = 1.0. In contrast,
straight line interpolation of the ion characteristic initially
yields 6L » 0.25, r/X_ ~ 4.1 and [J($ = 0)]estimated/[/(^ =
0) ]theoreticai = 1.23. Thus additional iteration must be used to
properly evaluate J(\f/ = 0), 0_, r/X_ and N. If straight line
interpolation were used and if in addition (dH/dV)v=o were
taken as the slope measured over the region A\f/ = 2.0 (e.g.,
-0.2 < V < 0.2 on Fig. 2) according to ]?q. (22), then the in-
correct value for electron temperature of 0.27 would be ob-
tained. The error arising in the computation of 0_(1 + e)"1,
which results from the incorrect measurement of (dH/dV)v=o,
should be corrected using the values of d presented in Fig. 6
before starting any iteration procedure.

The methods described above have been used successfully
(see Refs. 11, 15, and 16) to obtain measurements of the
plasma properties (N and 0_) from the double-probe charac-
teristics which are consistent with those values computed from
the single-probe characteristics.

5. Conclusions

An algebraic relation describing the single-probe current-
voltage characteristic in the region where the current at-
tracted to the probe is potential dependent has been presented.
The analogous double-probe characteristics were also described
in analytical form. In addition, equations were derived and
methods were discussed for determining both electron tem-
perature and charged particle density from the double-probe

characteristics. In particular, these results have been pre-
sented in order to provide a useful tool to those who use probes
for diagnostic purposes.
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